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We extend our previous result from crossed products to strongly graded central 
simple algebras. 0 1989 Academic Press, Inc. 
In this short note, we indicate how to extend our results in [3 J from the 
crossed product case to the situation of a strongly graded ring. We will 
freely use the terminology of [3]. 
Let R be a finite dimensional central simple algebra with center denoted 
by k. We assume that R is strongly graded by a finite group G and we 
denote R(1) by S. 
We now follow K. H. Ulbrich [4, p. 1381 and describe the Miyashita 
automorphism of G on E, the centralizer of S in R. Let gE G and find 
aigR(g-‘), b,~R(g) with Cia,bi= 1. Take GEE we let eg=Ciaiebi. It 
can he checked that ueg = ea for a E R(g), we will refer to this relation as 
equation [*]. This is the basic relationship from which everything follows. 
We see that g is an automorphism of E, the definition of g is independent of 
the choice of a, and b, and that EG = k. Under the assumption of S being a 
simple ring, we showed [3, Lemma 71 that E is a G-Galois extension of k. 
Ulbrich had proven a more general version of this result [4, Satz 3.53, but 
we must assume that k E: S since in [4], R(g) must be a k module for 
g E G. This allows us to extend our result [3, Theorem 51. 
THEOREM. E is a normal G-Galois extension of k, if the center of R is 
in S 
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Proof. By [l, Proposition 51.21, R is central separable over k. Hence 
[4, Satz 3.53 implies that E is a G-Galois extension of k. Since E is tinite 
dimensional over the field k, we can use [2, Theorem 1.7 J to conclude that 
E has a normal basis. Now we use the proof of Theorem 5 in [3] to patch 
the normal basis and the G-Galois basis together to produce a normal 
G-Galois basis. 
THEOREM. Let R be a finite dimensional central simple k algebra that is 
graded by a finite group G. Assume that R is strongly graded on its support. 
Then this grading is inner if and only if k is contained in R( 1). 
Proof: There is only one change that has to be made in the proof of 
[3, Theorem 63 which essentially is to replace the crossed product mul- 
tiplication with equation [*]. Let { ( ag, bg) 1 ge G} be a normal G-Galois 
basis for E over k, as before. Let u[ g] = agwl and u[g] = bg for all g E G. 
Now let w  E R(h) for h E G. Consider 
.xFG ucgx1 wucx-‘I= 1 wuCgxlh 4x-‘I 
XEG 
= wCa 
x-‘g-lh x-1 
b , 
XSG 
where the second equality follows by [*]. The proof now continues in the 
same way. 
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